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Abstract 
A novel technique for treating electrically thin dispersive layers with the finite-difference time-domain (FDTD) 
method based on Z transforms is introduced. The proposed model is based on the subcell technique, where the 
constitutive relations are locally averaged in the FDTD grid. The most significant feature of the proposed model is its 
ability to model rather complicated dispersive layers having multiple pole pairs. Then, based on the model above, the 
model for pulse reflection from a coated ideal conductor is proposed. The models are validated with several 
numerical examples making comparison with the exact results. 
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1. Introduction 
Many microwave devices contain electrically thin layers. Therefore, the numerical modeling of such 
structures is of interest. The finite-difference time-domain (FDTD) method has been widely accepted as 
an efficient tool for the accurate solving of a great variety of electromagnetic problems [1-2]. The present 
problem, modeling of electrically thin dispersive layers, may be solved basically in the following three 
ways: 1) with direct and fine enough discretization of the fields inside the layer; 2) using the surface 
impedance boundary conditions (SIBCs)[3-6]; 3) by locally modifying the update equations to account for 
the layer[7-8]. Notice that the previous subcell techniques  are not applicable to dispersive layers. Mikko 
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proposed a subcell model for general dispersive layers, which was based on auxiliary variables method in 
[9]. In this paper, we formulate a new subcell technique based on Z transforms [10], which allows 
modeling quite general dispersive layers, possibly having multiple pole pairs. The proposed model 
reduces to the model by Maloney and Smith in the case of dielectric and conductive layers. The new 
model is formulated in the general three-dimensional (3-D) case in Section II, and validation study is 
conducted with two-dimensional (2-D) and one- dimensional (1-D) FDTD programs in Section III. Quite 
good agreement with the analytical results and results from auxiliary variables method is observed. 
2. Subcell Technique Based on Z Transforms for Dispersive Layers 
The basic idea of the model is quite simple: we will average the electric and magnetic flux densities so 
that they will simulate the presence of a thin dispersive layer. The layer is assumed to be located in free 
space, although this need not necessarily be the case. The field components both tangential and normal to 
the layer will be affected by the model. Consider deriving the update equations for the tangential 
magnetic-field components in the vicinity of a dispersive layer of thickness d and with the frequency-
dependent isotropic permeability 
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where P is the number of pole pairs and the subscript k refers to the k th pole pair. The subscript m refers 
to the magnetic layer. An appropriate choice of the parameters in the above expression allows us to obtain 
a layer of Lorentz, Debye, or Drude type as special cases. Similarly, the expression for the permittivity is 
taken to be of the form 
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with analogous definitions of the parameters as above. Let the layer partially fill a single plane of FDTD 
cells in the 3-D FDTD lattice. A slice of the FDTD lattice in xy-plane is shown in Fig. 1. 
                          
Fig.1. Slice of the FDTD lattice in the xy-plane          Fig.2. Problem geometry in a 1-D problem 
If the volume fraction occupied by the layer isα , then we may calculate the averaged magnetic flux 
density inside the cells containing the dispersive layer according to ( ) ( ) space free0layer 1 HHB μαωαμ −+=  with 
10 ≤≤ α . Using the auxiliary term ( )ωkm,S  associated with the kth pole pair, defined as 
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We obtain the equation  
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An alternative form of the equation (3) is 
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The corresponding Z transforms of the equation (5) is  
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The corresponding Z transforms of the equation (4) is 
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The corresponding sampled time domain equation (6) is 
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Therefore, the FDTD simulation for zH  becomes ( ) n
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The derivation of the update equations for the electric field components in the case of a layer in free space 
is quite analogous and is not shown here. 
    However, in the case when metal is coated with the layer, we must account for the fact that the 
tangential electric field decays to zero in the vicinity of the ideal conductor. This situation is most 
conveniently described in a 1-D case. Suppose that there is an ideally conducting wall at 0=y  as shown 
in Fig. 2 and let the coating on the wall have a thickness d . Using Z transform, we obtain the update 
equation for the electric field 
1z
E  next to the metal wall in the 1-D case 
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3. Validation of the Proposed Models 
A.. Pulse Reflection From a Coated Ideal Conductor 
We start with a problem of a TE-polarized pulse reflecting from a metal wall coated with a dispersive 
layer. The parameters are of the Lorentz type. The permittivity has one resonance, while the permeability 
has two resonances. The parameters for the permeability are 1=∞μ , ( )2201  srad 104 ⋅=m,β , ( )2212  srad 10251 ⋅= .m,β , ( ) srad 102 101 ⋅=pm,ω , ( ) srad 105 102 ⋅=pm,ω , 121 == m,m, γγ ,  ( ) srad 105 91 ⋅=m,δ  
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and ( ) srad105 92 ⋅=m,δ . The permittivity has parameters 2=∞ε , ( )2201  srad 109 ⋅=e,β , ( ) srad 103 101 ⋅=pe,ω , 11 =e,γ , and ( ) srad105 81 ⋅=e,δ . The electrical conductivity is taken to be zero.  
The goal here is to demonstrate how the thickness of the coating affects the results. The material 
parameters above were used to calculate the results in Fig.4-6. The agreement with the results from the 
auxiliary variable method in [9] is seen to be good in the time domain. It is seen that the oscillations of 
the total wave become smaller when the thickness of the coating is decreased. This is natural since a PEC 
wall is obtained in the limit 0=d . 
 
Fig. 4.  d=1.2mm                                   Fig. 5. d=1.5mm                                   Fig. 6.   d=1.8mm 
B. Cutoff Frequency of a Loaded Waveguiede 
Consider a rectangular waveguide with the widths of the walls equal to 7.112mm=a   and 
mm556.3=b as shown in Fig. 7. Suppose there is a thin magnetic layer of thickness d  along the broader 
wall in the middle of the waveguide. The permeability of the layer is taken to be of the Lorentz type with 
a single pole pair. We keep the thickness of the layer fixed and present detailed validation of the model by 
varying the material parameters and by comparing with the exact results.  
The cutoff frequency of the TE10 mode is obtained by requiring that 0=xk  and solving for ω [11]. 
We first take the permeability to be independent of the frequency and vary the relative permeability. The 
agreement with the analytical results is rather good: the maximum relative error in Fig. 8 is approximately 
1%. Then we fix 1=∞μ  , ( ) srad 1010 10⋅=0,mω  , and vary 2pmm ωβ =  . The results are shown in Fig. 9 
and maximum relative error is less than 1%. 
 
Fig. 7. Cross section of a rectangular waveguide  Fig. 8. Cutoff frequencies versus ∞μ Fig.9 Cutoff frequencies versus mpω ,  
In Fig.10, ( ) srad 1015 10⋅=0,mω , being larger than the cutoff of an empty waveguide 
( ( ) srad 1022.4 10⋅⋅= πc,TE10ω ). The result is seen to be clearly different from that in Fig.9. Finally, we 
vary the resonant frequency of the layer around the cutoff frequency of the unloaded waveguide. We set 
1=∞μ  and ( ) srad 1022.4 10⋅⋅= πωp,m . As shown in Fig. 11, the cutoff frequency of the loaded 
waveguide is seen to converge toward the cutoff frequency of the empty waveguide when we move away 
from the resonant frequency of the layer.  
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Fig. 10 Cutoff frequencies versus mpω ,          Fig. 11 Cutoff frequencies versus mω ,0  
4. Conclusion
A new model for treating electrically thin dispersive layers and coatings in FDTD simulations was 
introduced. The most important feature of the model is its ability to accurately model dispersive layers 
having multiple resonances of material parameters. Then, the model is used for pulse reflection from a 
coated ideal conductor and waveguides loaded with a dispersive layer. The proposed models were 
numerically verified with the results from auxiliary variables method and analytic method. 
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